Abstract. In this note we prove a new explicit formula for the invariants of moduli spaces of twisted Higgs bundles over P 1 and we relate these invariants to the invariants of moduli spaces of representations of some infinite symmetric quiver. The formula can be easily implemented for computations and it is in agreement with the existing conjectures for the invariants of twisted Higgs bundles over curves. Results of this note were presented in Oberwolfach in May 2014.
Introduction
Let X = P 1 be the projective line over a field , D be a divisor on X and L = ω X (D) be the corresponding line bundle of degree ℓ ≥ 0. In this note we will study L-Higgs bundles (E, ϕ), where E is a vector bundle over X and ϕ : E → E ⊗L is a morphism.
Given coprime numbers r, d, let M L (r, d) be the moduli space of semistable L-Higgs bundles having rank r and degree d. One can ask about the motive of M L (r, d) if = C or about the number of points of M L (r, d) if = F q is a finite field. More generally, given a vector bundle E over P 1 , we can write it in the form E = i∈Z O X (i) ⊕mi for some map m : Z → N with finite support. Let us define
Then we can write the motive (or the number of points) (2) [M L (r, where r(m) = i∈Z m i and d(m) = i∈Z im i . Generalizing the first question, one can ask about the number of elements in M L (m). In particular, one can conjecture that M L (m) is polynomial count (cf. [8] in the case of parabolic Higgs bundles).
To answer the first question, let us consider an infinite symmetric quiver Q (which depends on ℓ = deg L) with the set of vertices Z and the number of arrows from i ∈ Z to j ∈ Z equal (3) max{ℓ + 1 − |i − j| , 0}.
We will interpret a map m : Z → N with finite support as a dimension vector of Q-representations. Given a Q-representation V , we define its slope
and we say that V is semistable if for any subrepresentation
denote the moduli space of semistable Q-representations having dimension vector m. One of the main results of this paper is Theorem 1.1. If r and d are coprime, then
This result is of combinatorial nature and I don't know if there is any relation between the corresponding categories of vector bundles and quiver representations. Also, it is not quite clear if there is any geometric relation between M L (m) and M Q (m) although it is tempting to suggest that there is one.
Invariants on the right hand side of (5) can be easily computed (21). Therefore (5) gives an explicit formula for the motive of M L (r, d). Let us now discuss a generalization of the previous theorem in the context of Donaldson-Thomas invariants. Given r ∈ Z >0 and d ∈ Z, one can define refined Donaldson-Thomas invariants Ω L (r, d) that count (with a weight) semistable L-Higgs bundles having rank r and degree d (10). In particular, if r,
) and we can always assume that d > ℓ 
where Log is the plethystic logarithm (see e.g. [9] ), χ is the Euler-Ringel form of Q (16) and
Let me now discuss relation of the above results to the existing literature. A formula for the invariants Ω L (r, d) for arbitrary curves was conjectured in [11] based on the conjectures of [1] and [6] . In particular, it was conjectured in [1] that Ω L (r, d) are independent of d. These conjectures are in agreement with the results [7, 4, 3] for low ranks and D = 0. In the case of X = P 1 , deg D = 4 and low ranks, these conjectures were verified in [14] . An explicit formula (for arbitrary curves) was proved in [15] for D = 0 and coprime r, d and in [13] for arbitrary D and r, d. This formula is rather complicated even for a computer implementation and it is different from the above conjectures. The formulas of this paper work only for P 1 , but they have an advantage of being easily computable although they are still different from the above conjectures. As expected, all tests based on these formulas agree with the conjectures. These tests also show that Ω L (r, d) are independent of d.
I would like to thank Emmanuel Letellier, Steven Rayan, and Markus Reineke for useful discussions.
2. Higgs bundles over P 1 2.1. Arbitrary curve. Let X be a curve of genus g, D be a divisor on X and L = ω X (D) be the corresponding line bundle of degree ℓ ≥ max{2g − 2, 0}. We define a (coherent) L-Higgs sheaf to be a pairĒ = (E, ϕ), where E is a coherent sheaf and ϕ : E → E ⊗ L is a morphism. Let Higgs L be the category of all L-Higgs sheaves and let Higgs + L be the category of L-Higgs sheaves (E, ϕ) such that the factors in the Harder-Narasimhan filtration of E (we call them HN-factors) have slopes > 0 (we call such sheaves positive).
Corollary 2.2. The category Higgs L has homological dimension two. The Euler characteristic satisfies χ(Ē,F ) = −ℓ rk E rk F.
for a global stack X/ GL n . Define motivic DT invariants (see e.g. [9] for the definition of plethystic operations)
Note that if r, d are coprime then
where M L (r, d) is the moduli space of semistable Higgs bundles having rank r and degree d. Similarly, we define invariants I
Proof. 1) is proved in [13] .
. Now we apply equation (10) 
Proof. The first equation is the consequence of the existence of Harder-Narasimhan filtrations in the category Higgs Our goal is to determine invariants J + L (r, d) (for the projective line), and then to compute DT-invariants Ω L (r, d) using the sequence:
Projective line.
We will give an explicit formula for the invariants J + L (r, d) in the case of the curve P 1 . As before, for any m : Z → N with finite support, define
We can write the Euler-Ringel form for the quiver Q defined in the introduction as 
Theorem 2.6. We have
Proof. Given a vector bundle E over X = P 1 , we can write it in the form E = i∈Z O X (i) ⊕mi , where m : Z → N has a finite support. Moreover,
The vector bundle E is positive (i.e. its Harder-Narasimhan factors have slopes > 0) if and only if m i = 0 for i ≤ 0. Therefore we can consider m as a map Z >0 → N.
The power of L 1 2 here is given by (we use 
Finally, we take the sum over all m : Z >0 → N that correspond to positive vector bundles of rank r and degree d.
Remark 2.7. This theorem gives an effective way to compute invariants Ω L (r, d): 
and [12] (20)
We define Donaldson-Thomas invariants Ω Q (m) by the formula
Similarly, consider the stack
is the subspace of semistable representations, and define 
Proof. The proof is similar to the proof of Proposition 2.5. Proof. Let V be a semistable Q-representation of dimension vector m and let supp V = { i ∈ Z | V i = 0} be its support. Let [a, b] be an interval such that a, b ∈ supp V , but (a, b) ∩ supp V = ∅ (we call it a gap). Then it has length ≤ ℓ as otherwise there are no arrows between a, b in Q and V can be decomposed as a direct sum of representations having support in (−∞, a] and [b, +∞), which would imply that V is not semistable. Let a 1 < · · · < a k be the elements of supp V and let r i = m ai > 0 be the corresponding dimensions (so that r = r(m) = i r i ). Then a i − a i−1 ≤ ℓ and therefore a i ≤ a 1 + (i − 1)ℓ. This implies
and therefore a 1 > 0. This implies that m i = 0 for i ≤ 0. We used here the fact that if i r i = r, then i (i − 1)r i ≤ r 2 . Indeed, by induction
Proof. We obtain from Theorem 2.6 and equation (20 
Then we obtain from (14) and ( . Finally, we obtain for d > ℓ
Using shifts we can see that the same formula is true for all r, d.
Proof. Invariants Ω Q (m) are polynomials in L ± 1 2 be the result of Efimov [2] about DT invariants of symmetric quivers. 
By the Poincaré duality this polynomial has degree ℓr 2 + 1. In order to compute it we determine Ω + L (r, d) for d > ℓ r 2 using Theorem 1.3.
4.1. ℓ = 1. We have All these computations are in agreement with conjectures of [11] .
